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Abstract
Let E be an arbitrary subset of the unit circle T and let f be a function defined on E.
When there exist polynomials Pn which are uniformly bounded by a number M > 0 on
T and converge (pointwise) to f at each point of E? We give a necessary and sufficient
description of such functions f . The necessity part of our result, in fact, is a classical
theorem of S.Ya. Khavinson, while the proof of sufficiency uses the method that has
been recently applied in particular in the author’s solution of an approximation problem
proposed by L. Zalcman.
1 Introduction and the result.
For a compact subset K of C we denote by C(K) the space of all continuous complex valued
functions on K. Denote by ∆ and T the open unit disc and the unit circle, respectively.
Let F be a closed subset of the unit circle T and let f ∈ C(F ). The problem of uniform
approximation of f on F by polynomials Pn that are uniformly bounded on ∆ has been
investigated in [7] and [1]. In case when F is a closed arc of T , it has been solved in [7]. In
the general case the problem has been settled by the following theorem (see [1]).
Theorem A. Let F be a closed subset of T . In order that a function f ∈ C(F ) be
uniformly approximable on F by polynomials Pn such that |Pn(z)| ≤M, z ∈ ∆, n = 1, 2, ...,
it is necessary and sufficient that the following conditions be satisfied:
(a) |f(z)| ≤M , z ∈ F , and
(b) There exists a function g analytic on ∆, |g(z)| ≤M, z ∈ ∆, such that
f(eiθ) = lim
r→1
g(reiθ)
1
for almost all eiθ ∈ F .
The paper [7] suggests also further research ideas and formulations of open approximation
problems. For example, the above approximation problem can be modified “by altering
variously the set on which one approximates, the sense in which approximation is required to
hold, and the precise conditions of boundedness” (see [7], p. 380). In the present paper we
address the case when the condition of uniformly boundedness is the same as in the original
problem, while the set on which one approximates is an arbitrary subset of T and the
approximation is merely pointwise. The precise formulation of the problem is the following.
Problem 1. Let E be an arbitrary proper subset of T and let f be a function defined on
E. Find necessary and sufficient conditions on f in order there exist polynomials Pn which
are uniformly bounded by M > 0 on T and converge (pointwise) to f at each point of E.
The (uniformly) boundedness condition in Problem 1 is important, because if it is
dropped, the appropriate question will have the following trivial answer: The function f
on E is a limit of a sequence of polynomials Pn if and only if there exists a sequence of
continuous functions on T which converges (pointwise) to f at each point of E.
Note that Theorem 2 of the paper [7] solves another typical bounded approximation prob-
lem with an Lp norm boundedness condition (on T ) for the polynomials which approximate
the function f pointwise and a. e. on an arbitrary (measurable) subset E of T . The precise
formulation of this result is the following.
Theorem B. Let E ⊂ T be a set of positive measure and let q ≥ 1. A function f on E
is the (pointwise, almost everywhere) limit of polynomials Pn satisfying ||Pn||q ≤ M if and
only if there exists a function g ∈ Hq, ||g||q ≤ M , such that f(z) = g(z) ≡ limr→1 g(rz) for
almost all z ∈ E.
Let the functions fn, n = 1, 2, ..., and g be elements of L
∞ on T . Recall that the sequence
{fn} converges weak-star to g ∈ L
∞ if
lim
n→∞
∫
T
fn(z)Q(z)dz =
∫
T
g(z)Q(z)dz (1)
for any function Q ∈ L1 on T.
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By Fatou’s theorem, to each bounded analytic in ∆ function corresponds its (radial)
boundary function defined almost everywhere on T .
The following classical theorem is due to S. Ya. Khavinson (see [5], p. 171).
Theorem C. Let the sequence {fn} of analytic in ∆ functions be uniformly bounded.
If {fn} converges to a limit function g in ∆, then the boundary functions of {fn} converge
weak-star to the boundary function of g.
Now we formulate the solution of Problem 1, which is the aim of this paper.
Theorem 1. Let E be an arbitrary subset of T and let f be a function on E. There exists
a sequence of polynomials {Pn} converging (pointwise) to f at each point of E and satisfying
the condition |Pn(z)| ≤ M, z ∈ ∆, n = 1, 2, ..., if and only if there exist a sequence of
continuous functions {fn} on T and a bounded analytic function g in ∆, such that:
(i) |fn(z)| ≤ M, z ∈ T, n = 1, 2, ..., and {fn} converges (pointwise) to f at each point
of E; and
(ii) {fn} converges weak-star to the boundary function of g.
The following corollary describes a particular class of approximable functions on an ar-
bitrary measurable subset E of T .
Corollary 1. Let E be an arbitrary measurable subset of T and let f be a function on E.
Assume that there exists a bounded analytic function g in ∆, the boundary function of which
coincides with f a. e. on E. Assume furthermore that there exist a sequence of continuous
functions {fn} on T such that:
(i) |fn(z)| ≤ M, z ∈ T, n = 1, 2, ..., and {fn} converges (pointwise) to f at each point
of E; and
(iii) {fn} converges a. e. on T \ E to the boundary function of g.
Then there exists a sequence of polynomials {Pn} converging (pointwise) to f at each point
of E and satisfying the condition |Pn(z)| ≤ M, z ∈ ∆, n = 1, 2, ....
To prove Corollary 1, first note that the condition (i) is the same in both Theorem 1
and Corollary 1. If the conditions of Corollary 1 are satisfied, then obviously, the sequence
{fn} converges to the boundary function of g a. e. on T , and by the Lebesgue dominated
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convergence theorem, (1) is satisfied (for any Q ∈ L1 on T ). Thus, the condition (ii) of
Theorem 1 is satisfied as well, and Corollary 1 follows from Theorem 1.
The proof of Theorem 1 follows the approach applied in particular in [3] and [1]; for
further details and recent applications see [1] and [2].
2 Proof of Theorem 1
The necessity of the condition (i) is obvious. Since the sequence of polynomials {Pn} is
uniformly bounded on ∆, without loss of generality we may assume it converges uniformly
on compact subsets of ∆ to a bounded analytic function g. By the Theorem C the sequence
{Pn} converges weak-star to the boundary function of g. The necessity of (ii) is proved.
Now we present the proof of the sufficiency of the conditions of Theorem 1. Let C = C(T )
and let A be the disk algebra. By the Riesz theorem, a continuous linear functional Ψ on
the quotient space C/A can be represented as
Ψ(h+ A) =
∫
hdµ,
where h + A = {h + u : u ∈ A} is an element of the space C/A and µ is a complex Borel
measure on T orthogonal to A (cf. [4], p. 192 ). By the F. and M. Riesz theorem dµ = G(z)dz
for some G ∈ H1, and, thus
Ψ(h+ A) =
∫
hdµ =
∫
T
h(z)G(z)dz.
Since {fn} converges weak-star to the boundary function of g, one can apply the relation
(1) for the function G ∈ H1 ⊂ L1, which (combined with gG ∈ H1) implies
lim
n→∞
Ψ(fn + A) = lim
n→∞
∫
T
fn(z)G(z)dz =
∫
T
g(z)G(z)dz = 0.
Hence, {fn +A}
∞
n=1 converges weakly to zero in C/A. Obviously the same is true for the
sequence {fn + A}
∞
n=m for each fixed natural number m. By a theorem of Mazur (see [6], p.
120), there exists a sequence of finite convex linear combinations of elements of {fn+A}
∞
n=m
which converges to zero in the norm of C/A. Thus for each natural number m there exist
numbers α
(m)
n ≥ 0 (n = 1, 2, ..., km), such that
∑km
n=m α
(m)
n = 1 and the quotient norm of
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the linear combination
∑km
n=m α
(m)
n (fn + A) =
∑km
n=m α
(m)
n fn + A is less than 1/m. By the
definition of the quotient norm there exists a function um ∈ A such that
|
km∑
n=m
α(m)n fn(z)− um(z)| < 1/m, z ∈ T. (2)
In particular
|um(z)| < |
km∑
n=m
α(m)n fn(z)| + 1/m ≤
km∑
n=m
α(m)n M + 1/m =M + 1/m, z ∈ T. (3)
It is easy to see that {un} converges to f at each point of E.
Let Qm be a polynomial such that |um(z) − Qm(z)| < 1/m, z ∈ T . By (3) we have
|Qm(z)| < M + 2/m, z ∈ T . The polynomials
Pm(z) =
M
M + 2/m
Qm(z)
are uniformly bounded on T by M and converge to f on E. The proof is over.
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